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1. INTRODUCTION 
Comparison theorems for self-adjoint second order elliptic equations have 
been generalized to the general second order case by Protter [l] and Swanson 
[2]. The more general results of [2] deal with functions u(x) and v(x) which 
are, respectively, solutions of 
If U(X) is a nontrivial solution of (1) in a closed bounded domain D CE” which 
satisfies U(X) = 0 on aD, and if A is in some appropriate sense %maller” 
than L, then every solution v(x) of (2) has a zero in D. If, in addition, 8D is 
sufficiently smooth, then every solution of (2) has a zero in D [3]. 
The purpose of this paper is to establish a comparison theorem for second 
order elliptic equations which is based on somewhat different hypotheses than 
those used in [2] but yields more general conclusions. Rather than requiring 
that u(x) vanish on aD, we shall determine the mixed boundary condition 
g + s(x)u = 0, --co < s(x) f 03, xeao, (3) 
satisfied by a nontrivial solution of (l), with s(x) = +OO used to denote the 
boundary condition U(X) = 0 on I’ = (x E aD / U(X) = 0). It will then be 
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shown that under appropriate hypotheses on the coefficients of (1) and (2), 
every solution of (2) which satisfies 
; + a(x)w = 0, XECB (4) 
with o(x) < s(x) has a zero in D - r. For self-adjoint equations a result of 
this type has been established in [4]. 
The techniques used in [2] do not appear to lend themselves to a generali- 
zation such as that described above, and the proof below proceeds along more 
classical lines. Our regularity conditions on aD and the coefficients of L and A 
are essentially those of [2]; since they can be determined easily from the 
manipulations below they will not be stated explicitly. 
In order to formulate the comparison theorem we consider the quadratic 
forms 
where f = (tr ,..., ,$+r) represents an arbitrary real (n + 1)-tuple. We shall 
be interested in nonnegative functions gr(x) and g%(x) which assure that Qr(4) 
and Q%(E) are positive semidefinite. Since C a&& is positive definite, gr(x) 
satisfies this condition iff the determinant below satisfies 
If C (uij - aii) Eiti is positive definite, then ga(x) can be determined by a 
similar condition. 
THEOREM 1. Suppose u(x) and v(x) are nontri&Z sobtions of (1) and (2), 
respectively, and satisfy (3) and (4) on aD with 
s G[s(x) - o(x)] dx > 0. aD--r 
If g, and g, make Q1 and Qz positive semidejnite and if 
s D (c - y - g, - g,)u2 dx > 0, 
then v(x) has a zero in iT. 
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Proof. If u(x) # 0 in D, then the following generalized Picone identity 
[5,6] is valid: 
Substituting (1) and (2) and rearranging terms yields 
= cc - Y -‘& -&k2 -+- 8lM + !2&?), 
where 
&?.!g-~& i = I,..., n 
au" 
z 
7ii=&7 i = I,..., n 
Ll = h-1 = u* 
Integrating over D, applying Green’s Theorem, and using (3) and (4) yields 
s so-r (G - sb2 ds = j, Kc1 - Y - g, - g,F + !& -+- 821 dx (51 
By hypothesis, the right side of (5) is positive while the left side is nonpositive. 
This contradiction shows that V(X) = 0 for some x E B. 
Remarks 
1. Ifr=(xEaD\U(X)=Oj is of bounded curvature, then the argument 
used in [3] can be used to show that a(x) has a zero in D - J’ rather than ,D. 
2. Swanson’s hypotheses 121 involve the derivatives of the 86, and & and 
therefore require the differentiability of these coetficients. We require no 
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differentiability for the bd and pi but do require the differentiability of the aij 
aij not required in [2]. 
3. Swanson’s comparison theorem [2] only requires that C (CQ - ads) && 
be positive semidefinite. To obtain Theorem 1, it may be necessary to assume 
that 2 (aij - olii) && be positive definite in order to assure the existence 
of a function gs(x) which makes Q,(l) positive semidefinite. 
4. If b$ GE j3i ) i = l)...) n, and C (aij - CQ) &$ is positive semidefinite, 
we may choose g, = 0 and our hypotheses become essentially equivalent to 
those required in [2] for this special case. 
5. It is clearly possible to vary the hypotheses of Theorem 1 so that the 
assumption V(X) f 0 leads to the left side of (5) being negative while the right 
side is nonnegative. Such variations will not be formulated explicitly. 
Similarly, it is sufficient to require that 
s /AC) dx 2 0 
rather than that the Qi be positive semidefinite. 
In the case n = 1 and D = (x1 , xs), the problem reduces to 
Lu G -(au’)’ + 2bu’ + cu = 0 
Au 3 -(cm’) + 2/3v’ + yv = 0 
+J - w(xl) u’(4 = 0, --co<s,~oo 
f4x2) + s24x2) u’(x2) = 0, -Go<s,~co 
V(Xl) - cTI@I) v’(3) = 0, -cm<u,< 
V(Xa) + %+z) v’(xz> = 0, -cQ<a,,(co. 
(1’) 
(2’) 
(3’) 
(4’) 
In order to make Qr positive definite we require that g, > /32/a. If b(x) + B(X), 
then Q2 will be positive definite iff a - cx > 0 and g, 2 (b - ,8)“/(a - a.). 
Thus Theorem 1 takes the following form. 
THEOREM 2. Suppose u(x) and v(x) are solutions of(1’) and (2’), respectively, 
and satisfy (3’) and (4’). If 
(i) a--ol>O on {xE[xI,x2]1b(x)fjB(x)}; a--a>0 else&we on 
[x1 3 %I; 
(ii) ui < si ; i = 1, 2; 
(iii) J’” [c - y - f - e] ~2 dx > 0, 
$1 
then v(z) has a zero in [x1 , x2]. 
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The proof of Theorem 1 also allows a direct generalization to comparison 
theorems in unbounded domains as considered by Swanson in [‘I]. Let S, 
denote the sphere (x E En ] 1 x - x,, j = a} for some fixed x, E En, and let 
C, = S, n D, where D is now to denote an unbounded domain. It is clear 
that the proof of Theorem 1 remains valid with the additional hypothesis 
lim 
s a.3m ca 
u”(s - u) dx >, 0. 
In the case where 
lim 
s 
u2s dx > 0, 
a-m G 
then (6) is easier to satisfy than the condition 
lim - 
i 
u2u dx > 0 a*m C, 
required in (71. 
The above Theorem 1 also allows the generalizations to subsolutions and 
supersolutions considered in [8] and leads to new oscillation criteria by the 
techniques used in [8] and elsewhere. 
Note added in proof. Since the preparation of this paper, closely related results 
have been presented by D. R. Dunninger in [9]. 
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